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ABSTRACT

The development of quantum computing applications to Computational Fluid Dynamics has recently become an
active area of research. Despite significant progress made so far, and the exciting prospects this approach offers,
it is clear that a number of key challenges exist in the quest to derive quantum Computational Fluid Dynamics
method with a significant (ideally exponential) complexity improvement over classical algorithms. The present
set of notes provides a brief introduction to motivation and status of current work in this area, including a
summary of the main challenges and prospects. Most of the current quantum computing applications to fluid
dynamics involve hybrid quantum/classical algorithms. As an example of such an approach, the second part
of the notes details early work by the author on a hybrid quantum/classical algorithm for the incompressible-
flow Navier-Stokes equations. A Quantum Fourier Transform-based solution method for the Poisson equations
occurring in the Vortex-In-Cell method is used, coupled to a classical implementation of the vortex-particle
convection and viscosity terms. Examples for an application involving colliding vortex rings highlight the
impact of ’quantum measurement’ noise on the solution process. A short summary and outlook completes this
set of notes.
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1.0 INTRODUCTION

Quantum computing (QC)[1] is a rapidly developing area of research investigating computing hardware and al-
gorithms that take advantage of quantum mechanical phenomena to perform computations. In recent years, sig-
nificant progress has been made with building quantum computers. For a small number of applications, quantum
algorithms have been developed that display a significant speed-up relative to classical methods. Computational
quantum chemistry and quantum machine learning are among the areas of application receiving much recent
research activity. Important developments for a wider range of applications include quantum algorithms for lin-
ear systems[2] and the Poisson equation[3]. Applications to computational science and engineering problems
beyond quantum chemistry have only recently begun to appear[4–10]. Despite this research effort, progress in
defining suitable engineering applications for quantum computers has been limited.

1.1 Motivation for using Quantum Computers and Quantum Computing

Traditionally, Computational Fluid Dynamics(CFD) applications have been among the most computationally
demanding computer simulations in science and engineering. For the largest (Tier 0 and Tier 1) supercom-
puters, Direct Numerical Simulations (DNS) of turbulence, CFD modelling of chemically reacting flows and
multi-phase flows typically constitute a significant part of the applications. Another trend can be identified: the
longest (in terms of wall clock time) simulations routinely performed by academic researchers take on the order
of weeks, and the arrival of faster supercomputers doesn’t change this. Instead, the computational problems
tackled increase with increasing computing power. In summary it can be said that for emerging supercomputer
hardware, Computational Fluid Dynamics applications have always been an important driver. For the emerg-
ing Quantum Computers, this does not yet seem to be the case.

Beyond ’traditional’ CFD applications, the modelling of hypersonic and rarefied flows using the Boltzmann
kinetic equations is an example of an application where available computer resources are easily exhausted.
Here, the challenge does not arise from large mesh sizes (i.e. billions of mesh points/cells in DNS), but from
the combination of discretization of the computational domain as well as the phase (or, velocity) space. With
the time dimension included, solution of the kinetic Boltzmann equation involves 7 dimensions. In a following
set of lecture notes, Quantum Algorithms for Boltzmann kinetic equations are presented.

1.2 Background and context

Most current CFD solvers are based on the Finite-Volume Method. The time-integration method employed is a
key factor in determining what forms the most CPU-time demanding part of a simulation:

• Using explicit time stepping, evaluation of numerical fluxes is typically the most CPU-time intensive part
of the solver;

5 - 2 STO-EN-AVT-377 



Key Challenges & Prospects for Quantum Computational Fluid Dynamics

• Using implicit time stepping, the construction and solution of large (sparse) system of linear equations
takes up the majority of CPU time;

Also, experience has shown that efficient use of emerging High Performance Computing platforms has been
a key factor in CFD method development: parallel processing, as well as, the introduction of GPUs and FPGAs.
From this previous CFD development, it follows that:

• Algorithms needed re-thinking, but overall Finite-Volume Method-based approaches with explicit/implicit
time integration ‘survived’ in modified versions to enable implementation on the latest parallel computing
hardware;

• Often, speeding-up linear system solution method on novel hardware proved a bigger challenge than
gradient/flux calculations

This leads to an important current research question: What will need to happen in terms of algorithm
development for emerging quantum hardware?

Using current and emerging Quantum Computing models, there are limited options when trying to stick to
current CFD approaches:

• Using ‘explicit’ time stepping - the encoding of flux evaluations on quantum hardware is not promising.
As an example, in a typical Finite Volume method (with ’cell-centred’ or ’cell-vertex’ based data), we
work out fluxes using floating point additions and multiplications (non-linearity!). Question: where is
speed-up going to come from?;

• Using ‘implicit’ time stepping - quantum linear system solvers (e.g. HHL) could be employed in coupled
quantum/classical approaches. However, this approach has many challenges, as will be detailed later.

This leads to a further important current research question: How can Quantum Computing benefit CFD
using a more fundamental re-think of algorithms and methods? Also, what will need to happen for
emerging quantum hardware to facilitate CFD quantum speed-up?

1.3 Brief review of past work on Quantum Computational Fluid Dynamics

Early work in quantum computing relevant to the field of Computational Fluid Dynamics (CFD) mainly in-
volved the work on quantum lattice-gas models by Yepez and co-workers[11, 12]. This work typically used
type-II quantum computers, consisting of a large lattice of small quantum computers interconnected in nearest
neighbour fashion by classical communication channels. In contrast to these quantum lattice-gas based ap-
proaches, most current research focuses on quantum algorithms designed for near-future ’universal’ quantum
computers. Previous work by the author introduced hybrid quantum/classical algorithms for fluid simulations
based on quantum-Poisson solvers[7] as well as quantum algorithms for kinetic modelling of gases based on
quantum walks[8, 9]. Recently, the quantum-circuit implementation of non-linear terms was considered[13].
An example of an application to a nonlinear fluid dynamics problem is the work of Gaitan[10], where for a very
specific one-dimensional problem the complexity analysis showed potential for quantum speed-up. Recently,
Carleman linearization techniques were used by Succi and co-workers[14] as a first step toward quantum algo-
rithms for the Lattice Boltzmann Model (LBM) for (nearly) incompressible flows. Based on this short review,
it is clear that a growing research community in Quantum Computational Fluid Dynamics can be identified.
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1.4 Summary of promise and prospects offered by Quantum Computing

Quantum computing hardware and quantum algorithms are designed to take advantage of quantum mechan-
ical phenomena to perform computations. For Quantum Computational Fluid Dynamics, the main quantum
mechanical effects used are:

• Quantum Parallelism: a coherent quantum state in a multi-qubit register with nq qubits theoretically
offers 2nq degrees-of-freedom to use in the simulation - this exponential growth with number of qubits
is a key factor in achieving quantum speed-up;

• Quantum entanglement: a unique feature of quantum mechanics, not available in ’classical’ computing
hardware

Other effects, such as quantum teleportation, have so far not found a major role in quantum algorithms per-
forming computational engineering computations.

1.5 Summary of key challenges

With the exception of quantum measurement operations, quantum mechanical operators are unitary, linear and
reversible. A further complicating factor is the ’no-cloning theorem’. To illustrate how this is a challenge for
implementing CFD methods, consider the following example. In most CFD solvers, subroutines or functions
exist that take a variable, e.g. u, then create a temporary copy temp = u, to perform the computation of the
value of u2 as u × temp. Clearly, the no-cloning theorem directly prevents a similar action to be encoded in
Quantum Computing.

Also, for data encoded in terms of the complex amplitudes of the Schrödinger wavefunction, there is a need
for this state vector to have a unit norm, since these amplitudes represent probabilities of states. This means
that for an operator attempting to compute the squares of these complex amplitudes, the resulting state vector
loses its unit norm. So, even without the no-cloning theorem complicating such a step, this points to a further
problem with computing non-linear terms. This loss of unit norm of the quantum state vector represents an
example of a non-unitary operation.

So, for Quantum Computational Fluid Dynamics, dealing with non-linear terms inevitable in fluid me-
chanics modelling, can be regarded as one of the main challenges.

For most of the work in Quantum Computational Fluid Dynamics, a hybrid quantum/classical approach
is used, with the quantum processor performing computations for which efficient quantum algorithms exist,
while the output is then passed on to classical hardware to perform further computational tasks. This typically
produces new ’classical’ data that then needs to be used to re-initialize the quantum state in the quantum
processor. To make this challenge particularly significant, most hybrid quantum/classical approaches employ a
repeated exchange of quantum-to-classical and classical-to-quantum information. In summary, key challenges
for the hybrid quantum/classical approach are:

• Cost and complexity of (repeated) measurements;

• Statistical noise created by sampling the quantum solution;

• Cost and complexity of (repeated) re-initialization.

As an illustration of the problems created by statistical noise originating from the sampling of the quantum
solution, the final part of these notes discusses an example hybrid quantum/classical approach for the Navier-
Stokes equations employing a QFT-based Poisson solver.
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2.0 ’HIGH-LEVEL’ QUANTUM-CIRCUIT IMPLEMENTATION OF QUANTUM ALGO-
RITHMS

In Quantum Computational Fluid Dynamics, it can be expected that the Quantum Circuit model will continue
to play an important role. One of the useful features of this model is the potential to use of ’high-level’ circuit
programming along with circuit transformation tools (sometimes referred to as ’transpilers’). This enables a
quantum algorithm developer to create quantum circuits including complex multi-qubit quantum gate operations
that are not implemented as ’native’ gates on the target quantum hardware. This allows the programmer to use a
higher level of abstraction than when creating quantum-circuit implementations in terms of the available native
gates. The analogy with high-level programming languages is clear - CFD algorithms are typically written in
Fortran, C or C++, and efficient compilers then create the executable code for the target computer hardware. It
can be expected that the programming ’tool chain’ for quantum algorithm development will continue to develop
quickly and involve different levels of abstraction.

2.1 Example: ’streaming’ operation on 1D periodic domain

As a first illustration of this ’high-level’ quantum-circuit implementation approach we consider a quantum
circuit performing ’streaming’ operations on a periodic one-dimensional domain with 64 lattice sites. The ’left’
streaming moves a value from its original lattice site to its left-nearest neighbour, while the ’right’ streaming
performs such a move to the right-nearest neighbour. The quantum circuits shown in Figure 1 uses the quantum
amplitude-based encoding approach, so that the coherent 6-qubit register has 64 degrees-of-freedom - sufficient
for a scalar value in each of the 64 lattice sites. A key feature of the quantum circuits is the occurrence
of multiply-controlled Toffoli gates. By adding ’ancillae’ qubits, the quantum-circuit implementation can be
transformed to reduce the gate operations to fewer control qubits. This is illustrated in Figure 2.
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Figure 1: Streaming of scalar data on uniformly-space 1D mesh (64 cells encoded with 6 qubits) with periodic boundary condi-
tions. Circuits for ’Left’ and ’Right’ streaming. Most-significant qubit as used in data ordering is at the top of circuits.

2.2 Example: multiply-controlled Toffoli gate

The previous section illustrated how quantum circuits with Toffoli gates with up to 5 control qubits can be
transformed to limit the number of control qubits to ≤ 3 by addition of 3 ancillae qubits. Clearly, even after this
transformation the 3-qubit controlled Toffoli gates are still far removed from the gate operations implemented
in representative quantum hardware. Also, we need to consider the effect of quantum errors (de-coherence,
etc.) on the gate operations taking place in the quantum hardware. Therefore, fault-tolerance is a key factor in
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Figure 2: Streaming of scalar data on uniformly-space 1D mesh (64 cells encoded with 6 qubits) with periodic boundary condi-
tions. Circuit for ’Right’ streaming was transformed to reduce number of control qubits to ≤ 3. Most-significant qubit as used in
data ordering is at the top of circuits.

hardware implementations of quantum gates. Recently, Biswal et al.[15] presented techniques to create fault-
tolerant implementations of multi-controlled Toffoli gates. For the Toffoli-4 gate, i.e. the Toffoli gate with 3
control qubits, Figure 3 and Figure 4 show example decompositions facilitating fault-tolerant implementations
involving representative ’native’ gates.

These examples show that as long as the transformation or ’transpilation’ to such fault-tolerant native gates
can be hidden from the quantum algorithm developer, it makes sense for quantum algorithm researchers using
the Quantum Circuit Model to use this ’high-level abstraction’ approach.
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Figure 3: Decomposition of Toff4 - Biswal (2019) - Fig.5
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Figure 4: Decomposition of Toff4 - Biswal (2019) - Fig.10
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3.0 VORTEX-IN-CELL METHOD WITH QUANTUM POISSON SOLVER

The vortex-in-cell method[16, 17] is a well-studied hybrid particle-mesh method for incompressible flows and
is particularly well-suited for flows in regular domains such that efficient Poisson solvers can be used. In the
present work, the Fourier Analysis approach to solving the problem in a fully periodic domain is used, using the
Quantum Fourier Transform (QFT) for the required discrete Fourier Transforms. The hybrid quantum/classical
solver was implemented in C++, where the quantum-circuits implementing the QFT and its inverse were simu-
lated using a Quantum Computer Simulator built-in the C++ CFD framework[7].

The vortex-in-cell (VIC) method solves the incompressible-flow Navier-Stokes equations transformed into
the Helmholtz equation for vorticity evolution,

∂ω

∂t
+
(
u · ∇

)
ω =

(
ω · ∇

)
u+ ν∆ω ; ω = ∇× u (1)

A viscous splitting algorithm is employed, which first solves the inviscid equation,

∂ω

∂t
+

(
u · ∇

)
ω =

(
ω · ∇

)
u (2)

where the right-hand side represents the vortex-line stretching term. Next, the viscous effects are introduced by
solving the diffusion equation,

∂ωi

∂t
= ν∆ωi (3)

where ωi is the vorticity field obtained after the inviscid step. The advection of vorticity represented by the
second term on the left-hand side of Equation (2) is modelled using Lagrangian motion of vortex particles on
a regular background mesh. The vortex-line stretching term is evaluated on this regular mesh at the start of the
time-step. In the current implementation, the vorticity is transferred from the particle to the mesh at the end of
each time-step. Since this is done after each step of the inviscid equation, the viscous effects can be introduced
by Equation (3), discretized on the regular background mesh using second-order accurate central differences.
This is followed by a regularization step in which the particles are placed at the nodes of the regular background
mesh. The vorticity represented on this mesh is then used to re-initialize the strength of the vorticity in each of
the vortex particles. The velocity field is then evaluated from a vector potential A, which follows from solving
the following three Poisson problems,

∆Ax = −ωx

∆Ay = −ωy (4)

∆Az = −ωz

u = ∇×A

The solution of the Poisson problems forms the quantum part of the present hybrid quantum/classical
algorithm. For the time-integration, a predictor-correction approach is used, such that for each time step,
the steps described above need to be executed twice. For the transfer of vorticity from particles-to-mesh and
mesh-to-particles, the following interpolation kernel (M ′

4) is used,

ζ(r/σ) =


1− 5

2

(
r/σ)2 + 3

2

(
r/σ

)3 if 0 ≤ r/σ ≤ 1[
2−

(
r/σ

)2]2(
1−

(
r/σ

))
/2 if 1 ≤ r/σ ≤ 2

0 if 2 ≤ r/σ

(5)
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where r is the distance from the center of the kernel and σ is the mesh width. For the present 3D cases, a
tensor-product of this kernel is used.

(a) T = 6.0 (60 steps) (b) T = 12 (120 steps)

(c) T = 18 (180 steps) (d) T = 24 (240 steps)

Figure 5: Noise-free simulation of colliding vortex rings simulated with and without viscosity. Vorticity isosurface at ω = 1.
Uniform 1283 background mesh was used.

3.1 Quantum measurement of solution of Poisson equations - effect of noise

In the hybrid quantum/classical VIC-based Navier-Stokes solver, data exchange between the quantum proces-
sor(s) and the classical computation can be summarized as follows:

• ’Classical’ data is used as source terms for the 3 Poisson problems. Specifically, the vorticity vector ω
evaluated after vortex-particle convection and viscous effects have been accounted for, needs to be used in
re-initialization of the QFT-based Poisson solver. This step is expensive due to the overhead involved
in initialization of the quantum register(s), but should not introduce noise;

• The solution to the 3 Poisson problems is amplitude-encoded in the quantum state vector representing A;

• After completing the Poisson solutions, velocity field is to be evaluated from: u = ∇×A;

• u is needed by ’classical’ parts of the algorithm. Measurement of the quantum state vector will create
a ’noisy’ solution. Also, need for statistical sampling creates significant computational overhead -
need for multiple realizations.
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(a) T = 6.0 (60 steps) - noise 0.01% (b) T = 24 (240 steps) - noise 0.01%

(c) T = 6.0 (60 steps) - noise 0.05% (d) T = 24 (240 steps) - noise 0.05%

Figure 6: Colliding vortex rings with simulated noise. (a)-(b) scaled noise magnitude 0.0001, (c)-(d) scaled noise magnitude
0.0005. Vorticity isosurface at ω = 1. Uniform 1283 background mesh was used. Inviscid flow simulations.

(a) T = 6.0 (60 steps) - noise 0.1% (b) T = 24 (240 steps) - noise 0.1%

Figure 7: Colliding vortex rings with simulated noise. Velocity field evaluated in spectral space. Scaled noise magnitude 0.001.
Vorticity isosurface at ω = 1. Uniform 1283 background mesh was used. Inviscid flow simulations.

Clearly, the evaluation u = ∇ × A, with A encoded in terms of amplitudes of the quantum state vector is a
key part of the design of the hybrid quantum/classical VIC method. In the work previously published[7], two
different versions were evaluated:
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• Version 1: In the first version of the vortex-in-cell method considered here, the velocity field is obtained
from the vector potential as shown in Equation (4), where the gradients of the potential are evaluated on
the Cartesian mesh using second-order accurate finite-differences. Key problem: the finite-difference
computation of the velocity is performed on the classical computer, so that noise levels are amplified
relative to the levels in the original vector potential as a result of applying finite-differences to noisy
data;

• Version 2: Improved design aiming to eliminate the use of finite-differences on the vector potential.
Since the Poisson solver used in the considered rectangular Cartesian domains is based on the discrete
Fourier transform, here implemented using the QFT, the second version of the vortex-in-cell method was
designed to evaluate the velocity field from the Fourier coefficients of the solution to the Poisson equation
of Equation (4). Key challenge: can gradient computation (non-unitary operation) be performed
efficiently in Fourier-space on the quantum processor?

In the second design, the derivatives of the vector potential in one of the three coordinate directions are obtained
from the coefficients of the Discrete Fourier Transform has been applied using the QFT. Then, as a first step,
the following single-qubit operator is applied to the first qubit in the relevant range of qubits encoding the
considered coordinate direction: (

−i 0
0 i

)
(6)

This step can be efficiently executed on a quantum computer, since it only involves a single-qubit oper-
ation. However, this is only the first step. In the second step, the quantum Fourier components encoded as
quantum state vector amplitudes need to be multiplied by their respective wave number. The derivatives then
follow from performing an inverse QFT. A key challenge here is that the multiplication-by-wavenumber
operation is non-unitary.

3.2 Example test case: colliding vortex rings

A pair of colliding vortex rings is considered with equal but opposite-signed strength. A non-dimensional
formulation is used with the flow domain a unit cube and the ratio of vortex core radius (rc) to ring radius
(R) equal to rc/R = 1/5. For a uniform 1283 mesh the vortex core radius is 5 mesh widths, while the
vortex core radius is 10 mesh widths for a uniform 2563 mesh. The vertical spacing between the centers of
the vortex rings at the start of the simulation is 1.5 times the ring radius. The vortex rings are initialized with
a Gaussian profile with a unit (non-dimensional) peak vorticity. Inviscid results and results for a circulation
based Reynolds number of 105 are compared in Figure 5, showing the increasing radius for both rings due to
mutual velocity induction. For the inviscid result the vorticity magnitude increase due to vortex-line stretching
effect is somewhat more pronounced than the viscous simulation where part of the increase is cancelled by
viscous dissipation. Note: In Figure 5, the solution of the Poisson systems was assumed noise-free, so
that Version 1 and Version 2 of the hybrid quantum/classical VIC solvers give the same result. Next,
the sensitivity to operational errors of the quantum gates and statistical sampling errors due to measurement
is investigated. The vector potential is computed from the solution of a Poisson with the vorticity forming the
source term as in Equation 4. Since ideal quantum gate operations involve unitary operations, the algorithm
used here first normalizes the system and stores the scaling factor involved. Then random noise is added to
the solution of the Poisson system before the scaling factor is applied in the reverse direction. Version 1 of the
vortex-in-cell method then applies second-order finite differences to create an updated velocity field defined

STO-EN-AVT-377 5 - 11



Key Challenges & Prospects for Quantum Computational Fluid Dynamics

on the background mesh, which is subsequently transferred to the vortex particles for the advection step in the
next time step. Here two amplitudes of the random noise were considered, e.g. 0.0001 and 0.0005 relative
to the normalized state vector in the quantum network representing the QFT based Poisson solver. Figures 6
show the results for both noise amplitudes at two non-dimensional time instances for Version 1 of the hybrid
quantum/classical solver. Clearly, the larger noise amplitude considered leads to significant errors early in the
simulation and at later stages both vortex rings have lost their coherence. In contrast, the smaller noise amplitude
enables the simulation to maintain the coherence of the vortex rings as well as the main fluid dynamics aspects
of the interaction. For Version 2, a similar study of the sensitivity to measurement-induced statistical noise was
performed. Figure 7 shows results for this version, where the noise level is increased to 0.001. The results show
a coherence of the computed vortex system similar to that for the lowest noise level, i.e. 0.0001, for Version
1 of the solver. These results clearly show that with suitable modifications to this particular vortex-in-cell
implementation the sensitivity to noise and uncertainty can effectively be reduced.

3.3 Key findings from hybrid quantum/classical VIC Navier-Stokes solver

In summary, the second implementation using Fourier-space based evaluation of u compares to the version
using a finite-difference approach as follows:

• the finite-difference method applies finite-difference operations on a ’noisy’ set of data (representing the
vector potential) defined on the three-dimensional mesh. This process will typically amplify the noise
levels of the derivative as compared to the original signal;

• the QFT-based approach for derivatives avoids this noise-amplifying step;

• the single-qubit operation required for the derivative-calculation can be done efficiently on a quantum
computer;

• the main drawback of the QFT-based approach as implemented here, is that it assumes that the multipli-
cation with the wave numbers can be done efficiently on the classical hardware in the envisaged hybrid
approach. Furthermore, it has so far been assumed that no additional noise is created in the transfer of
the Fourier coefficients from quantum to classical hardware.

It follows that the proposed QFT-based approach for the velocity-field evaluation would mainly be of interest for
quantum computer applications in case the multiplication with the wave numbers can be performed completely
on a quantum computer.
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4.0 SUMMARY AND OUTLOOK

In the present set of notes, the main motivation for research into Quantum Computational Fluid Dynamics was
outlined. The key features of quantum computing offering the potential for significant quantum speed-up were
presented. Crucially, a significant number of key challenges remain to resolved before Quantum Computational
Fluid Dynamics applications can be realized with meaningful ’quantum supremacy’.

The example hybrid quantum/classical Vortex-In-Cell Navier-Stokes solver presented here, highlighted
some of the key challenges associated with this hybrid approach. The computational overhead of repeated
re-initializations of the quantum system as well as the need for statistical sampling of multiple realizations
form the main problems with hybrid quantum/classical approaches.

In a further set of lecture notes in the current Lecture Series, initial research efforts by the author and
co-workers is presented aiming to create quantum algorithms that minimize the quantum/classical data
exchange. Clearly this approaches poses many challenges as well. Although some advances have recently
been made for lattice-based modelling approaches, it is clear that further investigations are needed to determine
the potential of this approach.
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